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2t�KTH2b Q7 7mM/�K2Mi�H ;`QmTb i?`Qm;? ;2QK2i`B+ +Qp2`BM;X AM
T�`iB+mH�`- r2 rBHH T`Qp2

π1(a1) = Z.

aBKBH�` K2i?Q/ �TTHB2b iQ K�Mv Qi?2` 2t�KTH2bX
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G2i T : 1 → " #2 BM hQTX � i`BpB�HBx�iBQM Q7 T Qp2` �M QT2M b2i
l ⊂ " Bb � ?QK2QKQ`T?BbK ϕ : T−1(l) → l × 6 Qp2` l- BX2X - i?2
7QHHQrBM; /B�;`�K +QKKmi2b

T−1(l) l × 6

l

ϕ

T Bb +�HH2/ HQ+�HHv i`BpB�H B7 i?2`2 2tBbib �M QT2M +Qp2` U Q7 " bm+?
i?�i T ?�b � i`BpB�HBx�iBQM Qp2` 2�+? QT2M l ∈ U X am+? T Bb +�HH2/ �
}#2` #mM/H2- 6 Bb +�HH2/ i?2 }#2` �M/ " Bb +�HH2/ i?2 #�b2X
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T−1(l) ≃ l × 6

⊂ "

q2 /2MQi2 Bi #v
6 → 1 → "

A7 r2 +�M }M/ � i`BpB�HBx�iBQM Q7 T Qp2` i?2 r?QH2 "- i?2M 1 Bb
?QK2QKQ`T?B+ iQ 6 × "

1 ∼= 6 × "

�M/ r2 b�v T Bb � i`BpB�H }#2` #mM/H2X
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h?2 T`QD2+iBQM K�T

RK+M → RM, (t1, · · · , tM, · · · , tM+K) → (t1, · · · , tM)

Bb � i`BpB�H }#2` #mM/H2 rBi? }#2` RKX

1t�KTH2
� `2�H p2+iQ` #mM/H2 Q7 `�MF M Qp2` � K�MB7QH/ Bb � }#2` #mM/H2
rBi? }#2` RMX
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1t�KTH2
q2 B/2MiBiv a2M+1 �b i?2 mMBi2 bT?2`2 BM CM+1

a2M+1 = {(x0, x1, · · · , xM) ∈ CM+1||x0|2 + |x1|2 + · · ·+ |xM|2 = 1}.

h?2`2 Bb � M�im`�H 7`22 a1@�+iBQM QM a2M+1 ;Bp2M #v

2Bθ : (x0, · · · , xM) → (2Bθx0, · · · , 2BθxM), 2Bθ ∈ a1.

h?2 Q`#Bi bT�+2 Bb i?2 M@/BK +QKTH2t T`QD2+iBp2 bT�+2 CPM

a2M+1/a1 ∼= CPM = (CM+1 − {0})/C∗.

h?2M i?2 T`QD2+iBQM a2M+1 → CPM Bb � MQMi`BpB�H }#2` #mM/H2 rBi?
}#2` a1X h?2 +�b2 r?2M M = 1 ;Bp2b i?2 >QT7 }#`�iBQBM

a1 → a3 → a2.
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� +Qp2`BM; UbT�+2V U6@+Qp2`BM;V Bb � HQ+�HHv i`BpB�H K�T T : 1 → "
rBi? /Bb+`2i2 }#2` 6X � +Qp2`BM; K�T r?B+? Bb � i`BpB�H }#2` #mM/H2
Bb �HbQ +�HH2/ � i`BpB�H +Qp2`BM;X A7 i?2 }#2` 6 ?�b M TQBMib- r2 �HbQ
+�HH Bi � M@7QH/ +Qp2`BM;X
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1t�KTH2
h?2 K�T 2tT : R1 → a1, i → 22πBi Bb � Z@+Qp2`BM;X

a1

↓2tT a1

≃ R

,ࢶ h?2 Z@+Qp2`BM; Q7 a1

A7 l = a1 − {−1}- i?2M

2tT−1(l) =
⊔

M∈Z
(M − 1

2
, M +

1

2
).
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1t�KTH2
.2MQi2 #v RPM i?2 `2�H T`QD2+iBp2 bT�+2 Q7 /BK2MbBQM M- BX2X

RPM = RM+1 − {0}/(t ∼ it), ∀i ∈ R− {0}, t ∈ RM+1 − {0}.

G2i aM #2 i?2 M@bT?2`2X h?2M i?2`2 Bb � M�im`�H /Qm#H2 +Qp2`

aM → RPM.
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h?2 K�T a1 → a1- 22πBθ *→ 22πBMθ Bb |M|@7QH/ +Qp2`BM;- M ∈ Z− {0}X

1t�KTH2
h?2 K�T C → C- x *→ xM- Bb MQi � +Qp2`BM; Ur?v\VX "mi
! i?2 K�T C∗ → C∗- x *→ xM- Bb � |M|@+Qp2`BM;- r?2`2

C∗ = C− {0}�M/ M ∈ Z− {0}X
! i?2 K�T 2tT : C → C∗- x → 22πBx Bb � Z@+Qp2`BM;X
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1t�KTH2
.2MQi2 #v a;,# i?2 ;2Mmb ; bm`7�+2 rBi? # #QmM/�`v +QKTQM2MibX
! h?2 bm`7�+2 a4,0 �/KBib � 7@7QH/ +Qp2`BM; 7`QK a22,0X
! AM ;2M2`�H- a;,# �/KBib � K@7QH/ +Qp2`BM; 7`QK aK;−K+1,K#X
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G2i T : 1 → ", 7 : s → "X � HB7iBM; Q7 7 �HQM; T Bb � K�T 6 : s → 1
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h?2Q`2K UlMB[m2M2bb Q7 HB7iBM;V
G2i T : 1 → " #2 � +Qp2`BM;X G2i 60,61 : s → 1 #2 irQ HB7iBM;b Q7
7X amTTQb2 s Bb +QMM2+i2/ �M/ 60,61 �;`22 bQK2r?2`2X h?2M

60 = 61.
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q2 }`bi bi�i2 � bBKTH2 H2KK� #27Q`2 T`QpBM; i?2 i?2Q`2KX

G2KK�
G2i T : 1 → " #2 � +Qp2`BM;X G2i

. = {(t, t) ∈ 1 × 1|t ∈ 1}
w = {(t, v) ∈ 1 × 1|T(t) = T(v)}.

h?2M . ⊂ w Bb #Qi? QT2M �M/ +HQb2/X
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S`QQ7 Q7 h?2Q`2K

G2i .,w #2 /2}M2/ BM G2KK�X *QMbB/2` i?2 K�T
6̃ = (60,61) : s → w ⊂ 1 × 1X "v �bbmKTiBQM- r2 ?�p2
6̃(s) ∩ . ̸= ∅X JQ`2Qp2`- G2KK� BKTHB2b i?�i 6̃−1(.) Bb #Qi? QT2M
�M/ +HQb2/X aBM+2 s Bb +QMM2+i2/- r2 }M/ 6̃−1(.) = s r?B+? Bb
2[mBp�H2Mi iQ 60 = 61X

s
6̃
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.2}MBiBQM
� K�T T : 1 → " Bb b�B/ iQ ?�p2 i?2 ?QKQiQTv HB7iBM; T`QT2`iv
U>GSV rBi? `2bT2+i iQ s B7 7Q` �Mv K�Tb 7̃ : s → 1 �M/
6 : s × A → " bm+? i?�i T ◦ 7̃ = 6|s×0- i?2`2 2tBbib � HB7iBM; 6̃ Q7 6
�HQM; T bm+? i?�i 6̃|s×0 = 7̃X

s × {0} 7̃ ##
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� K�T T : 1 → " Bb +�HH2/ � }#`�iBQM UQ` >m`rBix }#`�iBQMV B7 T
?�b >GS 7Q` �Mv bT�+2X

h?2Q`2K
� +Qp2`BM; K�T Bb � }#`�iBQMX
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S`QQ7

G2i T : 1 → ", 7 : s → ", 7̃ : s → 1,6 : s × A → " #2 i?2 /�i� �b
BM i?2 /2}MBiBQM Q7 >GSX q2 QMHv M22/ iQ b?Qr i?2 2tBbi2M+2 Q7 6̃t
7Q` bQK2 M2B;?#Qm`?QQ/ Lt Q7 �Mv ;Bp2M TQBMi t ∈ sX
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AM 7�+i- 7Q` �Mv irQ bm+? M2B;?#Qm`?QQ/b Lt �M/ Lv rBi?
Lt ∩ Lv ̸= ∅- r2 ?�p2 6̃t |L0 �M/ 6̃v |L0 �;`22 �i bQK2 TQBMi #v
7̃ |L0 �M/ ?2M+2 �;`22 2p2`vr?2`2 BM Lt ∩ Lv #v i?2 mMB[m2M2bb Q7
HB7iBM;X h?mb {6̃t | t ∈ s} ;Hm2 iQ ;Bp2 i?2 `2[mB`2/ HB7iBM; 6̃X
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L2ti- r2 T`Q+22/ iQ T`Qp2 i?2 2tBbi2M+2X aBM+2 A Bb +QKT�+i- ;Bp2M
t ∈ s r2 +�M }M/ � M2B;?#Qm`?QQ/ Lt �M/ � T�`iBiBQM

0 = i0 < i1 < · · · < iK = 1

bm+? i?�i T ?�b � i`BpB�HBx�iBQM Qp2` QT2M b2ib

lB ⊃ 6(Lt × [iB, iB+1]).

LQr r2 +QMbi`m+i i?2 HB7iBM; 6̃t QM Lt × [i0, iF]- 7Q` 1 ≤ F ≤ K- #v
BM/m+iBQM QM FX
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! 6Q` F = 1- i?2 HB7iBM; 6̃t QM Lt × [i0, i1] iQ QM2 Q7 i?2 b?22ib
Q7 T−1(l1) Bb /2i2`KBM2/ #v 7̃ |Lt×{0},

T−1(l1)

T

!!

=
⊔

α (̃l1)
α

Lt × [i0, i1] 6
##

6̃t

((♣♣♣♣♣♣♣♣♣
l1

! �bbmK2 i?�i r2 ?�p2 +QMbi`m+i2/ 6̃t QM Lt × [i0, iF] 7Q` bQK2
FX LQr- i?2 HB7iBM; Q7 6̃t QM Lt × [iF, iF+1] iQ QM2 Q7 i?2
b?22ib Q7 T−1(lF) Bb /2i2`KBM2/ #v 7̃ |Lt×{iF}- r?B+? +�M #2
;Hm2/ iQ i?2 HB7iBM; QM Lt × [i0, iF] #v i?2 mMB[m2M2bb Q7 HB7iBM;
�;�BMX h?Bb }MBb? i?2 BM/m+iBp2 bi2TX

q2 Q#i�BM � HB7iBM; 6̃t Q7 6 QM Ls × A �b `2[mB`2/X
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*Q`QHH�`v
G2i T : 1 → " #2 � +Qp2`BM;X h?2M 7Q` �Mv T�i? γ : A → " �M/
2 ∈ 1 bm+? i?�i T(2) = γ(0)- i?2`2 2tBbib � mMB[m2 T�i? γ̃ : A → 1
r?B+? HB7ib γ �M/ γ̃(0) = 2X

S`QQ7X
�TTHv >GS iQ s = TiX
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*Q`QHH�`v
G2i T : 1 → " #2 � +Qp2`BM;X h?2M Π1(1) → Π1(") Bb � 7�Bi?7mH
7mM+iQ`X AM T�`iB+mH�`- i?2 K�T π1(1, 2) → π1(", T(2)) Bb BMD2+iBp2X

S`QQ7X
G2i γ̃B : A → 1 #2 irQ T�i?b �M/ [γ̃B] ∈ >QKΠ1(1)(21, 22)X G2i
γB = T ◦ γ̃BX amTTQb2 [γ1] = [γ2] �M/ r2 M22/ iQ b?Qr i?�i
[γ̃1] = [γ̃2]X G2i 6 : γ1 ≃ γ2 #2 � ?QKQiQTvX *QMbB/2` i?2 7QHHQrBM;
+QKKmi�iBp2 /B�;`�K rBi? i?2 HB7iBM; 6̃ #v >GS

A × {0} γ̃1 ##
! "

!!

1

T

!!
A × A 6

##

∃6̃

''③
③

③
③

③
③

③
"

h?2M i?2 mMB[m2M2bb Q7 HB7iBM; BKTHB2b 6̃ |A×{1}= γ̃2X h?mb- γ̃1
6̃≃ γ̃2X
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h`�MbTQ`i 7mM+iQ`
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i T : 1 → " #2 � +Qp2`BM;X G2i γ : A → " #2 � T�i? BM " 7`QK #1
iQ #2X Ai /2}M2b � K�T

hγ : T−1(#1) → T−1(#2)
21 → γ̃(1)

r?2`2 γ̃ Bb � HB7i Q7 γ rBi? BMBiB�H +QM/BiBQM γ̃(0) = 21X

•20 • 21

γ

γ̃

•
#0

•
#1

,ࢶ h?2 i`�bTQ`i�iBQM
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

�bbmK2 [γ1] = [γ2] BM "X >GS BKTHB2b i?�i hγ1 = hγ2 X q2 }M/ �
r2HH@/2}M2/ K�T,

h : >QKΠ1(")(#1, #2) → >QKa2i(T−1(#1), T−1(#2))
[γ] → h[γ]

.2}MBiBQM
h?2 7QHHQrBM; /�i�

h : Π1(") → a2i
# → T−1(#)

[γ] → h[γ].

/2}M2b � 7mM+iQ`- +�HH2/ i?2 i`�MbTQ`i 7mM+iQ`X AM T�`iB+mH�`- r2
?�p2 � r2HH@/2}M2/ K�T

π1(", #) = �miΠ[(")(#) → �mia2i(T−1(#)).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
*QMbB/2` i?2 +Qp2`BM; K�T

Z → R1 2tT→ a1.

*QMbB/2` i?2 7QHHQrBM; T�i? `2T`2b2MiBM; �M 2H2K2Mi Q7 π1(a1)

γM : A → a1, i → 2tT(Mi) = 22πBMi, M ∈ Z.

ai�`i rBi? �Mv TQBMi K ∈ Z BM i?2 }#2`- γM HB7ib iQ � K�T iQ R1

γ̃M : A → _1, i → K + Mi.

q2 }M/ h[γM](K) = γ̃(1) = K + MX h?2`27Q`2 h[γM] ∈ �mia2i(Z) Bb

h[γM] : Z → Z, K → K + M.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i T : 1 → " #2 � +Qp2`BM;- 1 #2 T�i? +QMM2+i2/X G2i
2 ∈ 1, # = T(2) ∈ "X h?2M i?2 �+iBQM Q7 π1(", #) QM T−1(#) Bb
i`�MbBiBp2- r?Qb2 bi�#BHBx2` �i 2 Bb π1(1, 2)X AM Qi?2` rQ`/b-

T−1(#) ≃ π1(", #)/π1(1, 2)

�b � +Qb2i bT�+2- BX2X r2 ?�p2 i?2 7QHHQrBM; b?Q`i 2t�+i b2[m2M+2

1 → π1(1, 2) → π1(", #) ∂2−→ T−1(#) → 1.

[γ] *→ hγ(2)
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

6Q` �Mv TQBMi 2′ ∈ T−1(#)- H2i γ̃ : 2 → 2′ #2 � T�i? BM 1 �M/
γ = T ◦ γ̃X h?2M 2′ = ∂2(γ)X h?Bb b?Qrb i?2 bm`D2+iBpBiv Q7 ∂2X

>GS BKTHB2b i?�i T∗ : π1(1, 2) → π1(", #) Bb BMD2+iBp2 �M/ r2 +�M
pB2r π1(1, 2) �b � bm#;`QmT Q7 π1(", #)X "v /2}MBiBQM- 7Q`
γ̃ ∈ π1(1, 2)- r2 ?�p2 ∂2([T ◦ γ̃]) = γ̃(1) = 2- BX2X
π1(1, 2) ⊂ bi�#2(π1(", #))X PM i?2 Qi?2` ?�M/- B7 hγ(2) = 2- i?2M
i?2 HB7i γ̃ Q7 γ Bb � HQQT- BX2X γ̃ ∈ π1(1, 2)X h?2`27Q`2-
π1(1, 2) ⊃ bi�#2(π1(", #))X h?Bb BKTHB2b

π1(1, 2) = bi�#2(π1(", #)).
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1t�KTH2
*QMbB/2` i?2 +Qp2`BM; K�T

Z → R1 2tT→ a1.

�TTHv i?2 T`2pBQmb T`QTQbBiBQM- r2 }M/ �M B/2MiB}+�iBQM U�b b2ibV

/2; : π1(a1) ≃ Z.

h?Bb Bb +�HH2/ i?2 /2;`22 K�TX �M 2t�KTH2 Q7 /2;`22 M K�T Bb

a1 → a1, 2Bθ → 2BMθ.
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h?2 2H2K2Mi γM ∈ π1(a1) rBi? /2;(γM) = M �+ib QM i?2 }#2` Z �b

hγM : Z → Z
� → � + M.

Ai Bb 2�bv iQ b22 i?�i

hγM ◦ hγK = hγM+K .

h?Bb BKTHB2b i?�i i?2 /2;`22 K�T

/2; : π1(a1) → Z

Bb � ;`QmT BbQKQ`T?BbKX h?2`27Q`2 π1(a1) = ZX
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h?2Q`2K UGB7iBM; *`Bi2`BQMV
G2i T : 1 → " #2 � +Qp2`BM;X G2i 7 : s → " r?2`2 s Bb T�i?
+QMM2+i2/ �M/ HQ+�HHv T�i? +QMM2+i2/X G2i 20 ∈ 1, t0 ∈ s bm+?
i?�i 7(t0) = T(20)X h?2M i?2`2 2tBbib � HB7i 6 Q7 7 rBi? 6(t0) = 20 B7
�M/ QMHv B7

7∗(π1(s, t0)) ⊂ T∗(π1(1, 20)).

1

T

!!

)) ** 7∗(π1(s)) ⊂ π1(1)

s

6

++☎
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☎
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☎
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☎
☎
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

A7 bm+? 6 2tBbib- i?2M

7∗(π1(s, t0)) = T∗
(

6∗(π1(s, t0))
)
⊂ T∗(π1(1, 20)).

*QMp2`b2Hv- H2i

1̃ = {(t, 2) ∈ s × 1|7(t) = T(2)} ⊂ s × 1

�M/ +QMbB/2` i?2 7QHHQrBM; +QKKmi�iBp2 /B�;`�K

1̃

T̃

!!

## 1

T

!!
s 7

## ".
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 T`QD2+iBQM T̃ Bb �HbQ � +Qp2`BM;X q2 ?�p2 �M BM/m+2/
+QKKmi�iBp2 /B�;`�K Q7 7mM+iQ`b

Π1(s)

h ,,■
■■

■■
■■

■■
## Π1(")

h
!!

a2i

r?B+? BM/m+2b M�im`�H ;`QmT ?QKQKQ`T?BbKb

π1(s, t0) 7∗→ π1(", #0) → �mi(T̃−1(t0)) = �mi(T−1(#0)).

>2`2 #0 = 7(t0) = T(2)X G2i 2̃0 = (t0, 20) ∈ 1̃X h?2 +QM/BiBQM
7∗(π1(s, t0)) ⊂ T∗(π1(1, 20)) b�vb i?�i π1(s, t0) bi�#BHBx2b 2̃0X "v
i?2 T`2pBQmb S`QTQbBiBQM- i?Bb BKTHB2b �M BbQKQ`T?BbK

T̃∗ : π1(1̃, 2̃0) ≃ π1(s, t0).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

aBM+2 s Bb HQ+�HHv T�i? +QMM2+i2/- 1̃ Bb �HbQ HQ+�HHv T�i? +QMM2+i2/X
h?2M T�i? +QMM2+i2/ +QKTQM2Mib �M/ +QMM2+i2/ +QKTQM2Mib Q7 1̃
+QBM+B/2X G2i s̃ #2 i?2 UT�i?V +QMM2+i2/ +QKTQM2Mi Q7 1̃
+QMi�BMBM; 2̃- i?2M π1(1̃, 2̃) ≃ π1(s, t0) BKTHB2b i?�i T̃ : s̃ → s Bb �
+Qp2`BM; rBi? }#2` � bBM;H2 TQBMi- ?2M+2 � ?QK2QKQ`T?BbKX Aib
BMp2`b2 /2}M2b � +QMiBMmQmb K�T s → 1̃ r?Qb2 +QKTQbBiBQM rBi?
1̃ → 1 ;Bp2b 6X

1̃

T̃

!!

## 1

T

!!
s 7

##
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